We show quantitatively that an exact solution of Einstein's conformal gravity can explain very well the galactic rotation curves for a sample of 104 galaxies without need for dark matter or other exotic modification of gravity. The metric is an overall rescaling of the Schwarzschild-de Sitter spacetime as required by Weyl conformal invariance, which has to be spontaneously broken, and the velocity of the stars depends only on two universal parameters determined on the base of the observational data.
I. INTRODUCTION
One of the greatest mysteries in cosmology in our days is the "dark matter's" or "dark gravity's" puzzle. Indeed, in order to take into account of all the observational evidences (galactic rotation curves, structure formation in the universe, CMB spectrum, bullet cluster) we need to somehow modify the right or the left side of the Einstein's field equations. In this paper we do not pretend to provide a definitive answer to the long standing question of what dark matter is, but we want to make known an extremely interesting result based on some previous work by Mannheim. Therefore, we here concentrate on only one of the above listed issues, namely the galactic rotation curves.
In this paper we assume the "dark gravity" paradigma and we try to explain the anomalous behaviour of stars in galaxies in the contest of gravitational theories invariant under conformal transformations (see below). The analysis here reported is universal and apply to any conformally invariant theory that has the Schwarzschild-de Sitter metric as an exact solution. However, for the sake of simplicity we will focus on Einstein's conformally gravity in presence of cosmological constant. The theory is specified by the following general covariant action functional,
which is defined on a pseudo-Riemannian spacetime Manifold M equipped with a metric tensor fieldĝ µν , a scalar field φ (the dilaton), and it is also invariant under the following Weyl conformal transformation:
where Ω(x) is a general local function. In (1) f is a dimensionless constant that has to be selected extremely small in order to have a cosmological constant compatible with the observed value. The Einstein-Hilbert gravity is recovered whether the Weyl conformal invariance is broken spontaneously in exact analogy with the Higgs mechanism in the standard model of particle physics (for more details we refer the reader to [1, 2] ). One possible vacuum of the theory (1) (exact solution of the equations of motion) is φ = const. = 1/ √ 16πG, together with R µν ∝ĝ µν . Therefore, replacing φ = 1/ √ 16πG + ϕ in the action and using the conformal invariance to eliminate the gauge dependent degree of freedom ϕ, we finally get the Einstein-Hilbert action in presence of the cosmological constant,
where Λ is consistent with the observed value for a proper choice of the dimensionless parameter f in the action (1). Ergo, Einstein's gravity is simply the theory (1) in the spontaneously broken phase of Weyl conformal invariance [1] . Besides the constant vacuum, if a metricĝ µν is an exact solution of the equations of motion thus it is also the rescaled spacetime with a non trivial profile for the dilaton field, namelŷ
Therefore, in this paper we push further the relevance of conformal symmetry in the real world on the footprint of previous works that were mainly concerning the singularity issue [1, 2] . Contrary to the latter papers, we here focus on a non asymptotically flat rescaling on the Schwarzschild metric (or Schwarzschild-de Sitter metric) in order to explain the data for the galactic rotation curves with a minimal and universal choice of only two free parameters that the reader will meet later on in the paper. Finally, in order to give physical meaning to the metric (4) the conformal symmetry has to broken spontaneously to a particular vacuum specified by the function S(r).
II. THE GALACTIC GEOMETRY
As explained in the introduction, given an exact solution of Einstein's conformal gravity, any rescaled metric is an exact solution too, if the metric is accompanied by a non-trivial profile for the dilaton. Therefore, we here consider the following conformal rescaling of the Schwarzschild-de Sitter spacetime,
where we identified x with the radial coordinate. The reason of the particular rescaling Q(r) will be clarify shortly. Now we perform a coordinate transformation in order to express the metric in the usual radial Schwarzschild coordinate, which identifies the physical radius of the two-sphere. Moreover, the transformation of coordinates should also be compatible with the usual relation g 00 = −1/g 11 . These requirements uniquely fix the rescaling factor. Indeed, in the new radial coordinate r, defined by
the metric reads:
It deserve to be notice that x = r/Q and, therefore, the asymptotic contribution to the metric due to the cosmological constant is independent on the rescaling Q(r). Moreover, it is interesting that any rescaling which differs from the one in (6) is not consistent with the two requirements above. Therefore, in the infinite class of exact solutions conformally equivalent to the Schwarzschild-de Sitter metric, there is only one geometry non-asymptotically flat consistent with g 00 = −1/g 11 and two-dimensional transverse area 4πr 2 .
The local contribution to the stars' velocity Inside a galaxy the metric (8) represents the geometry around any star, and the coordinate r has the usual interpretation of radial coordinate. Therefore, we can easily compute the Newtonian gravitational potential in which any other star moves in, i.e.
At the galactic scale γ * r 1 [3] 1 , hence a star of solar mass generates a Newtonian gravitational potential with a linear asymptotic correction in the galactic halo given by
1 Notice that we can identify the radial coordinate r with the radial physical length, namely d r = dr 1+
≈ dr, because is proportional to GM/r or to integer powers of the product γ * r that are much smaller then 1. The contribution to the gravitational force acting on a star, in a generic point P of a sample galaxy, consists of a local contribution due to the other stars in the same galaxy (picture on the left) and a global contribution due to the other galaxies in all the Universe (picture on the right).
We have removed the contribution of the cosmological constant that we will reintroduce later. The next step is to take into account the contribution to the gravitational potential on a probe solar mass star in the halo due to all the other stars in the galaxy sample. In other words (or in Newtonian terms) we have to consider the resulting force acting on the probe star and due to its interaction with all the other stars in the same galaxy.
For this purpose we have to use the distribution of the luminous matter in an thin disk galaxy whose surface brightness is consistent with the following profile,
where R is the distance from galactic center in cylindrical coordinates, which should not be confused with the radial coordinate r between two stars in spherical coordinates, R 0 is the disk scale length of the galaxy, and Σ 0 is defined by means of the total luminosity of the galaxy L = 2πΣ 2 0 . Therefore, we have to integrate equation (9) over the whole galaxy to finally get the rotation velocity for a star orbiting in the plane of the galactic disk. The result is the local galactic contribution to the velocity of a single star [4] , namely
where here x ≡ R/2R 0 (this definition should not be confuse with the radial coordinate in (6) ) and N * is the total number of solar mass stars in the galaxy, while I 0 , I 1 are the modified Bessel functions of first kind and K 0 , K 1 are the modified Bessel functions of second kind.
III. THE UNIVERSE GEOMETRY
In the previous section we derived the local geometry surrounding any star in the galaxy and integrated over all the stars in the same galaxy to finally get the force acting on a probe star. In this section we would like to investigate whether the other galaxies of the whole universe can significantly have influence on the motion of the stars in a sample galaxy.
As painted in Fig.1 , the probe star, labeled as a point P in a sample galaxy, feels the gravitational attraction of all the other stars in the same galaxy, but also the effect of all the galaxies in the Universe due to the non homogeneous nature of the latter. Indeed, the latter global effect would vanish in a perfectly homogeneous universe because, saying in Newtonian terms, the contributions to the total gravitational force coming from opposite directions erase each other. Furthermore, we also have to take into account the global contribution due to the cosmological constant that we will consider later. For the moment, the question we should find an answer is: what is the geometry due to all the other galaxies in the universe? First of all we observe that the metric (8) is not asymptotically flat and the linear contribution grows with the radial coordinate r, which makes a long distance interaction possible. Therefore, we can assume that the global contribution of the other galaxies in the Universe is well mimic by a metric very similar to (8) . The last statement can be proved making a coordinate transformation that turns the metric (8) in a metric conformal to the Robertson-Walker (RW) spacetime [5] . Indeed, under the coordinate transformation (t, r, θ, φ) → (τ, ρ, θ, φ), i.e.
it has been proved in [3, 6] that the following metric (we here consider only the large distance leading contribution to (8) , and, for the sake of simplicity we temporarily omit the cosmological constant that we will reintroduce later)
turns into
which is clearly conformal to a slightly inhomogeneous RW metric whether γ 0 is a very small parameter of inverse length dimension 2 . Indeed, the metric (15) represents an homogeneous spacetime for γ 0 = 0. In short, the RW metric (15) turns into (14) (or (8)) when expressed in terms of coordinates used by an observer at rest in the center of a chosen galaxy.
In force of the above global analysis we can now come back to the geometry (8) . Since the RW metric (15) is isotropic and quasi-homogeneous, every point in the geometry can serve as the origin of the coordinates. Hence, we can place the origin of coordinates in the center of a given comoving galaxy, and we can identify r (r ∼ ρ) with R introduced in the previous section. Indeed, the radial coordinate r labels any point in the galaxy (respect to its center) and in particular the position of a probe star whose coordinate distance from the center of the galaxy was in the previous section indicated with R. Notice that for the global contribution we do not have to integrate over the all galaxies in the Universe, but we have to parametrize such effect with a constant γ 0 .
Therefore, the geometry that provides a global contribution to the velocity is again (8) in which we have to replace the coordinate r with R, namely
where we assumed γ 2 0
Λ in order to remove the contribution γ 2 0 R 2 /4 relative to ΛR 2 /3. This assumption will be confirmed by our best fit that provides the value γ 0 ∼ 10 −30 cm −1 , while Λ = 1.1 × 10 −56 cm −2 (see next section). Using again V = −(g 00 (r) + c 2 )/2 for the metric (8) we obtain the global contribution to the velocity of the stars, namely
2 In our case γ 0 ∼ 10 −30 cm −1 , hence for ρ of the order of the observable Universe we get γ 2 0 ρ 2 H /16 ∼ (10 −30 cm −1 × 10 28 cm) 2 /10 ∼ 10 −5 , which is negligible respect to 1 in the metric (15) .
IV. FITTING OF THE GALACTIC ROTATION CURVES
Now collecting the local contribution (12) and global contribution (17) in the weak gravity limit [7] we end up with the following total contribution to the velocity of a probe star in a sample galaxy,
The two universal parameters γ * and γ 0 will be determined in the this section on the base of the data in Table ( I) and (II) for a sample of 104 galaxies.
We acquired all the parameters for the luminosities (L), disk scale lengths (R 0 ), and HI gas mass (M HI ) from two sources: a previous work [3] and from the SPARC database [8] . The parameters of 5 galaxies (namely: ESO 079-G014, UGC 5716, UGC 12632, UGC A442, and UGC A444) have been extracted from SPARC. For the rotation velocities (v), 76 out of 104 galaxies can be found in SPARC database, the data for the other 28 galaxies are here listed: ESO0840411 [9] , ESO 1200211 [9] , ESO 1870510 [9] , ESO 2060140 [9] , ESO 3020120 [9] , ESO 3050090 [9] , ESO 4250180 [9] , ESO 4880490 [9] , UGC 4115 [9] , UGC 11454 [9] , UGC 11583 [9] , UGC 11616 [9] , UGC 11648 [9] , UGC 11748 [9] , UGC 11819 [9] , F 730-V1 [9] [14] .
Our sample of galaxies cover high surface brightness (HSB) galaxies, which have large N * and Σ 0 (Σ 0 ∝ N * /R 2 0 ), low surface brightness (LSB) galaxies with small Σ 0 , and dwarf galaxies with small N * . From (18) it follows that the rotation velocity curve will fall off at large distance because of the presence of a negative quadratic term. Thus, in Fig.2-8 , one can see that our formula (18) is in good agreement with the actual data.
In the fitting, we employ a disk model with exponential decay to describe HI gas distribution, and we choose the ratio of the gas scale length to the optical disk scale length to be four because the gas extend well beyond the optical disk. We have also multiplied the HI gas mass by 1.4 to include the primordial Helium. As a result, we found good fits with two universal parameters fixed to the values: γ * = 3.32 × 10 −39 m −1 , γ 0 = 3.3 × 10 −28 m −1 . Few further technical comments are needed. For the galaxy NGC 3109, we corrected the HI surface density to the value 1.67 instead of 1.4 as pointed in [15] . Following the argument in [3] we removed the first ten velocity-points for the galaxy NGC 4826 reported in [10] . The galaxy NGC 2976 was reported in [16] to have a double disk structure. However, considering that the rotation velocity data in [10] is within a distance of 2.5 kpc and most of the points are located at a distance less than 1.5 kpc, we used the approximation of a single disk with a scale length equal to 1.2 kpc. The plots in the Fig.s 2-8 show the fitting rotation velocity curves (in km sec −1 ) as functions of the radial distance (in kpc) from the galactic centers . Moreover, in all plots the observative data with errors (in km sec −1 ) are also displayed for the all sample of 104 galaxies
V. CONCLUSIONS
In this paper we have selected a spherically symmetric solution of Einstein's conformal gravity in presence of cosmological constant compatible with very minimal assumptions: (i) the metric is written in Schwarzschild coordinates in which the two dimensional transverse area equals 4πr 2 , (ii) the timelike and spacelike components of the metric satisfy the relation g 00 = −g 11 . This two requirements specify uniquely the metric in the infinite class of metrics conformally equivalent.
The resulting geometry captures the local and global structure of the universe up to two constant parameters that can be set based on observational data. The first of the two parameters (γ * ) is related to the only ambiguity present in the metric describing the local geometry, while the second parameter (γ 0 ) appears in a similar metric, but now describing the global geometry due to all the other galaxies in the Universe. Indeed, the metric proposed in this paper when expressed in comoving coordinates takes the form of a slightly non-homogeneous Robertson-Walker geometry.
From the geometry of the spacetime we have extracted the local and global contributions to the velocity of a probe star and fixed the two free parameters considering the actual rotations' curves of a sample of 104 galaxies. The results are shown in the Fig.s. 2-8 . The plots shows an extraordinary agreement between the theoretical model and observational data, although for the larger galaxies the value of the cosmological constant is too small to make the model perfectly compatible with the data. Indeed, for example in UGC128, DDO170, NGC1003, UGC1230, NGC3198, UGC6614 the velocity at large distance is too large. On the other hand, for example the data relative to the galaxies F563 − 1, F568 − 3, NGC2403, NGC2841, NGC3621, NGC7331, UGC11748 are in perfect agreement with our model. However, our model is not completely realistic since we have modeled the surface brightness distribution and the intergalactic gas with simple exponentials profiles. Moreover, we did not take into account the thickness of the galactic disk and the uncertainty on the galactic inclination angle. These issues will be addressed in future works.
Nevertheless, we consider the outcome of our work a good reason to further reflect on the dark matter problem. Indeed, it is quite surprising that we can so well explain the galactic rotation curves in Einstein's conformal gravity without need to add higher derivative terms or exotic matter in the Einstein's equations. However, we would honestly emphasize that the missing matter (or missing gravity) seems need in many areas of cosmology and modern astrophysics that we here did not touch. 
